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WHAT KINDS OF KDV-TYPE EQUATIONS ARE ALLOWED BY AN UNEVEN
BOTTOM
ANNA KARCZEWSKA AND PIOTR ROZMEJ
ABSTRACT. In this study, we give a survey of derivations of KdV-type equationswith an uneven bottom
for several cases when small (perturbation) parametersα, β, δ are of different orders. Six different cases
of such ordering are discussed. Surprisingly, for all these cases the Boussinesq equations can be made
compatible only for the particular piecewise linear bottom profiles, and the correction function has
a universal form. For such bottom relief, several new KdV-type wave equations are derived. These
equations generalize the KdV, the extended KdV (KdV2), the fifth-order KdV (KdV5) and the Gardner
equations.
1. INTRODUCTION
The Korteveg de Vries equation (KdV in short) [1] belongs to a few most famous equations in
mathematical physics. It was originally derived for surface water waves in so-called shallow water
wave problem. In the sixties of the last century, rapid development of the theory of nonlinear waves
in various physical systems began, which showed that the KdV equation was obtained as the first
approximation in the description of many physical phenomena. The range of applications extends,
among others, to waves on the surface of liquids, waves in interfaces between various phases of
liquids, ion-acoustic waves in plasma, optical impulses in optical fibers and electrical impulses in
electrical circuits. There is a vast number of textbooks and monographs referring to studies of these
problems, see, e.g. [2–8], to list a few. Wonderful properties of the KdV equation like integrability,
a rich variety of analytic solutions and the existence of the infinite number of invariants attracted the
attention of physicists, mathematicians, and engineers.
KdV and other KdV-type equations are derived under an important assumption, that the bottom of
the fluid container is flat. This assumption is not realistic for most of the situations in the real world,
in particular, bottoms of rivers, seas, oceans are non-flat. Despite a big number of efforts in studying
nonlinear waves in the case of a non-flat bottom the first kdV-type equations in which terms originat-
ing from the bottom profile occur appeared only recently. Among the first papers treating a slowly
varying bottom are papers by Mei and Le Méhauté [9] and Grimshaw [10]. These authors found that
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for small amplitudes the wave amplitude varies inversely as the depth but they did not obtain any
simple KdV-type equation. Djordjevic´ and Redekopp [11] and later Benilow and Howlin [12] stud-
ied the motion of packets of surface gravity waves over an uneven bottom using variable coefficient
nonlinear Schrödinger equation (NLS). As a result they found fission of an envelope soliton. Some
research groups developed approaches combining linear and nonlinear theories [13–15]. The Gard-
ner equation (sometimes called the forced KdV equation) was also extensively investigated [16–19].
Van Groeasen and Pudjaprasetya [20, 21] applied a Hamiltonian approach in which they obtained a
forced KdV-type equation. Another widely applied method consists in taking an appropriate average
of vertical variables which results in the Green-Naghdi equations [22–24]. An interesting numerical
study of the propagation of unsteady surface gravity waves above an irregular bottom is done in [25].
Another study of long wave the propagation over a submerged 2-dimensional bump was recently pre-
sented in [26], although according to linear long-wave theory. Several examples of recent studies on
the propagation of solitary waves over a variable topography are given in [27–29].
Derivation of wave equations of KdV-type for shallow water problem with an uneven bottom is a
difficult task. In 2014, with our co-workers, we considered the nonlinear second order wave equation
for shallow water problem with uneven bottom [30, 31]. In these papers, besides standard small pa-
rameters α = a
H
and β =
(
H
l
)2
we introduced the third one defined as δ = ah
H
. In these definitions
a denotes the wave amplitude, H the average water depth, l the average wavelength and ah the am-
plitude of the variations of the bottom function h(x). The geometry of the considered shallow water
problem is presented in Fig. 1. Unfortunately, the last step of derivation of the final wave equation
for an uneven bottom in [30, 31] was not fully consistent, and therefore the final result is not correct.
Below, we present the consistent derivations of such equations, not only for the case when α, β, and
delta are of the same order but also in five different cases of their orderings.
H
ah
a
η(x,t)
h(x)
α=a/H
β=(H/L)2
δ=ah/H
η(x,t)
undisturbed surface
h(x)
undisturbed bottom
FIGURE 1. Schematic view of the geometry of the shallow water wave problem for an
uneven bottom.
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With standard assumptions for incompressible, inviscid fluid and irrotational motion, one obtains
the set of Eulerian equations in dimension variables. Next, introduction of the following transforma-
tion to dimensionless variables
(1) φ˜ =
H
la
√
gH
φ, x˜ = x/l, η˜ = η/a, z˜ = z/H, t˜ = t/(l/
√
gH)
has made it possible to apply perturbation approach, assuming that appropriate parameters are small.
The set of Euler equations, written in nondimensional variables (tildes are now dropped) has the
following form (see, e.g., Eqs. (2)-(5) in [31])
βφxx + φzz = 0,(2)
ηt + αφxηx − 1
β
φz = 0, for z = 1 + αη(3)
φt +
1
2
αφ2x +
1
2
α
β
φ2z + η − τβ
η2x
(1 + α2βη2x)
3/2
= 0, for z = 1 + αη(4)
φz − βδ (hx φx) = 0, for z = δh(x).(5)
Equation (2) is the Laplace equation valid for the whole volume of the fluid. Equations (3) and (4)
are so-called kinematic and dynamic boundary conditions at the surface, respectively. The equation
(5) represents the boundary condition at the non-flat unpenetrable bottom. In (4), the Bond number
τ = T
̺gh2
, where T is the surface tension coefficient. For surface gravity waves this term can be safely
neglected, since τ < 10−7, but it can be important for waves in thin fluid layers. For abbreviation
all subscripts in (2)-(5) denote the partial derivatives with respect to particular variables, i.e. φt ≡
∂φ
∂t
, η2x ≡ ∂2η∂x2 , and so on.
The velocity potential is seek in the form of power series in the vertical coordinate
(6) φ(x, z, t) =
∞∑
m=0
zm φ(m)(x, t),
where φ(m)(x, t) are yet unknown functions. The Laplace equation (2) determines φ in the form
which involves only two unknown functions with the lowest m-indexes, f(x, t) := φ(0)(x, t) and
F (x, t) := φ(1)(x, t). Hence,
(7) φ(x, z, t) =
∞∑
m=0
(−1)mβm
(2m)!
∂2mf(x, t)
∂x2m
z2m +
∞∑
m=0
(−1)mβm+1
(2m+ 1)!
∂2m+1F (x, t)
∂x2m+1
z2m+1.
The explicit form of this velocity potential reads as
φ = f − 1
2
βz2f2x +
1
24
β2z4f4x − 1
720
β3z6f6x + · · ·+ βzFx − 1
6
β2z3F3x +
1
120
β3z5F5x + · · · .
(8)
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Next, one applies the perturbation approach, assuming that parameters α, β, δ are small. As pointed
in [32, 33], the proper ordering of small parameters is crucial to obtain appropriate final wave equa-
tions. Therefore, for each particular case, the perturbation approach has to be performed separately
expressing all parameter by only one (called the leading parameter). We will be interested in all
possible cases of wave equations obtained in the perturbation approach up to second order. So, we
can specify the following cases, see Table 1.
TABLE 1. Different ordering of small parameters considered in the paper.
Case α β δ
1 O(β) leading parameter O(β)
2 O(β) leading parameter O(β2)
3 O(β2) leading parameter O(β)
4 O(β2) leading parameter O(β2)
5 leading parameter O(α2) O(α)
6 leading parameter O(α2) O(α2)
Our study extends that done thoroughly by Burde and Sergyeyev in [32]. They considered several
cases of a different ordering of two small parameters α, β, still for the flat bottom case sometimes
going up to third or fourth order. The cases studied in [32] were: β = O(α), β = O(α2), β =
O(α3), α = O(β2) and α = O(β3). The authors showed that different ordering of small parameters
implied several kinds of wave equations, previously derived in the literature from different physical
assumptions.
The form of velocity potential (8), determined by (6) and the Laplace equation (2), is the same for
all considered cases 1-7. The boundary condition at the bottom (5) implies different forms of the F
function, depending on the particular ordering of small parameters β, δ.
It is worth noticing the important difference between the cases related to a flat bottom and those
when the bottom is not even. In the former ones F = 0, due to δ = 0 in (5). Therefore, when the
Boussinesq equations are used to determine correction terms Q one can always utilize the condition
Qt = −Qx. These facts ensure to derive KdV-type equations up to arbitrary order. This is not possible
for an uneven bottom. In the latter case the boundary condition (5) imposes a differential equation
on f and F which can be resolved to obtain F (f(x, t), h(x)) only in some low orders depending on
ordering relations between small parameters. For higher orders that equation cannot be resolved.
In the following sections, we discuss derivations of KdV-type wave equations in cases 1-6. Some
examples of numerical simulations illustrating soliton motion over a linearly sloped bottom are pre-
sented in Section 8. The last Section 9 contains conclusions.
In this paper, we focused on derivations of wave equations which include terms from the uneven
bottom. We leave the broader numerical studies of derived equations to the next article.
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2. CASE 1: α = O(β), δ = O(β)
Due to the velocity potential formula (8) the natural leading parameter is β. In order to consider
perturbation expansion in only one small parameter, we can set
(9) α = Aβ, δ = Dβ,
where the constants A,D are of the order of 1.
Substitution of (8) into (5) gives (with z = Dβh(x)) the following nontrivial relation between the
functions Fx and f
Fx −Dβ(hfx)x − 1
2
D2β3(h2F2x)x +
1
6
D3β4(h3f3x)x +
1
24
D4β6(h4F4x)x + · · · = 0.(10)
Keeping only terms lower than third order leaves
(11) Fx = Dβ(hfx)x,
which allows us to express the x-dependence of the velocity potential through f, h and their x-
derivatives up to third order. With higher order terms in (10) it is impossible. The equation (11)
determines Fx up to second order. Since this term enters (8) with the factor βz, the velocity potential
is determined correctly up to third order in β. It is worth to emphasize that due to the presence of
the term − 1
β
φz in (3), the Boussinesq equations resulting from the substitution of (8) into (3) and (4)
are correct up to second order. Therefore, the boundary condition at the uneven bottom implies
the limit on the order of theory in which the Boussinesq equations can be derived. For the case
α = O(β) , δ = O(β) this is second order.
It is easy to see that the form of (10), when considered to higher orders does not allow us for
obtaining an explicit expression of Fx through f, h and their x-derivatives.
Substituting (11) into (8) and retaining terms up to third order in β gives the velocity potential as
φ = f − 1
2
βz2f2x +
1
24
β2z4f4x − 1
720
β3z6f6x + β
2zD(hfx)x − 1
6
β3z3D(hfx)3x.(12)
[Due to the term 1
β
φz in the equation (3), to obtain equations up to second order one has to keep the
velocity potential up to third order.]
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Inserting (12) into (3) and (4), with z = 1+Aβη, and retaining terms up to second order yields the
set of the Boussinesq equations in the following form (with usual notation w = fx)
ηt + wx + β
(
A(ηw)x − 1
6
w3x −D(hw)x
)
+ β2
(
−A1
2
(ηw2x)x +
1
120
w5x +D(hw)3x
)
= 0,(13)
wt + ηx + β
(
Awwx − 1
2
w2xt − τη3x
)
+ β2
[
A
(
−(ηwxt)x + 1
2
wxw2x − 1
2
ww3x
)
+
1
24
w4xt +D(hwt)2x
]
= 0.(14)
In the lowest (zero) order the Boussinesq set reduces to
ηt + wx = 0, wt + ηx = 0, implying w = η, ηt = −ηx, wt = −wx.(15)
In the first order the Boussinesq set reduces to
ηt + wx + β
(
A(ηw)x − 1
6
w3x −D(hw)x
)
= 0,(16)
wt + ηx + β
(
Awwx − 1
2
w2xt − τη3x
)
= 0.(17)
Note that terms originating from an uneven bottom appear in (16) but not in (17). This is the reason
why in first order the Boussinesq equations (16)-(17) can be made compatible only for the particular
case of the bottom function h(x).
Assume that in the first order the function w has the form
(18) w = η + β
(
−1
4
Aη2 +
1
6
(2− 3τ)η2x +DQ
)
.
It is easy to see that the first two terms in the correction function assure the KdV equation in the case
of the flat bottom. Then inserting (18) into (16)-(17) gives in first order
ηt + ηx + β
(
3
2
Aηηx +
1
6
(1− 3τ)η3x −D(hη)x +DQx
)
= 0 and(19)
ηt + ηx + β
(
3
2
Aηηx +
1
6
(1− 3τ)η3x +DQt
)
= 0,(20)
where in (20) we already replaced ηt by−ηx (from zeroth order). The equations (19) and (20) become
compatible when
(21) Qx −Qt = (hη)x.
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2.1. Consequences of the compatibility condition (21). The same compatibility condition (21) ap-
pears in all cases of the ordering of small parameters considered in this paper. Now, we discuss the
consequences implied by this universal condition.
All known KdV-type equations, for instance the KdV, extended KdV, fifh-order KdV, mKdV, and
Gardner equations, have the general form ηt = F (η, ηx, η2x, . . . , ηnx) which contains both linear and
nonlinear terms. The rhs of the condition (21) implies that the appropriate correction term Q has to
contain, besides η and some of its x derivatives, terms with h and its x derivative(s). A term
∫
η dx is
admissible, as well, since its x- and t-derivatives are still expressed by local function η. Let us seek
for Q in the following general form (a, b to be determined)
(22) Q = a hη + b hx
∫
η dx.
Then
Qx = a(hxη + hηx) + b(h2x
∫
η dx+ hxη) and(23)
Qt = ahηt + bhx
∫
ηt dx = −ahηx + bhx
∫
(−ηx) dx = −ahηx − bhxη.(24)
In (24) we replaced ηt by −ηx from zeroth order relation. So, the condition (21) for Q in the form
(22) is expressed by the formula
(25) (a+ 2b− 1)hxη + (2a− 1) hηx + bh2x
∫
η dx = 0.
The equation (25) is valid only when simultaneously
a + 2b− 1 = 0, (2a− 1) and bh2x
∫
η dx = 0,
This permits fulfiling the condition (21), but only for h2x = 0, with
a =
1
2
and then b =
1
4
.
This important result was first indicated in [33], for cases 1 and 2 of ordering of small parameters. The
conclusion in [33] stated that the compatibily condition (21) can be satisfied only for linear bottom
function h(x) = kx, where k is a constant. For this linear bottom function the correction term has
the form Q = 1
4
(2kxη + k
∫
ηdx).
The linear function h = kx suffers, however, a significant drawback. For sufficiently large |x| it
violates the assumption that δ is small. This disadvantage is removed by allowing that h(x) is an
arbitrary piecewise linear function. Then
(26) Q =
1
2
(
2hη + hx
∫
η dx
)
, with h2x = 0.
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In next sections we will show that this is a universal feature, necessary for compatibility of the
Boussinesq equations for any ordering of small parameters. One has to remember that all newly
derived wave equations are valid only for the bottom given by a piecewise linear function.
2.2. Generalization of KdV for the linear bottom function. The correction function (26) makes
the equations (19) and (20) compatible and the resulting first order KdV-type equation has the follow-
ing form
(27) ηt + ηx + β
(
3
2
Aηηx +
1
6
(1− 3τ)η3x − 1
4
D(2hηx + hxη)
)
= 0.
The equation (27) is the new result achieved in [33].
In original notations for small parameters, this equation reads as
(28) ηt + ηx +
3
2
αηηx +
1
6
(1− 3τ)βη3x − 1
4
δ(2hηx + hxη) = 0.
For the case of the flat bottom (D = δ = 0), (28) reduces to the usual KdV equation
ηt + ηx +
3
2
αηηx +
1
6
(1− 3τ)βη3x = 0.
Therefore, the equation (28) generalizes KdV to a case of a piecewise linear bottom profile.
When h(x) is a bounded arbitrary function the equations (19)-(20) cannot be made compatible.
Attempts to continue derivation of a wave equation to second order in small parameters show that
equations (13)-(14) cannot be made compatible [33]. Let us confirm this fact. Assume
w = η + β
(
−1
4
Aη2 +
1
6
(2− 3τ)η2x + 1
4
D(2hη + hx
∫
ηdx)
)
(29)
+ β2
(
A2
1
8
η3 + A
3 + 7τ
16
η2x + A
2 + τ
4
ηη2x +
12− 20τ − 15τ 2
120
η4x
)
+ β2DQ
In (29) we use the form of first order correction (27) and the part of second order correction which is
appropriate when D = 0. Therefore Q in (29) is responsible only for this part which depends on the
bottom relief. An attempt to make equations (13)-(14) compatible leads to the condition on Qx −Qt
which gives no hope for obtaining second order wave equation expressed by local variables η, h and
their derivatives.
Let us remind that in the case of the flat bottom (with surface tension neglected) the second order
wave equation reduces to well known the so-called extended KdV equation
(30) ηt + ηx +
3
2
αηηx +
1
6
βη3x − 3
8
α2η2ηx + αβ
(
23
24
ηxη2x +
5
12
ηη3x
)
+
19
360
β2η5x = 0
derived for the first time by Marchant and Smyth in [34] and sometimes called KdV2. This equation
is nonintegrable. Despite this fact, we with our co-workers found several forms of analytic solutions
to KdV2: soliton solutions (∼ sech2[B(x− vt)]) in [31], cnoidal solutions (∼ cn2[B(x− vt)]) in [35]
and superposition cnoidal solutions (∼ dn2[B(x−vt)]±√m cn[B(x−vt)] dn[B(x−vt)]) in [36,37].
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3. CASE 2: α = O(β), δ = O(β2)
In this case we set
(31) α = Aβ, δ = Dβ2.
Now, we insert the general form of velocity potential (8) into the bottom boundary condition (5) which
in this case is
(32) φz −Dβ3 (hx φx) = 0, for z = Dβ2h(x)
obtaining relation similar to (10)
Fx −Dβ2(hfx)x − 1
2
D2β5(h2F2x)x +O(β
7) = 0.(33)
From (33) we have
(34) Fx = Dβ
2(hfx)x,
valid up to fourth order in β which inserted into (8) gives the velocity potential valid up to fourth
order
φ = f − 1
2
βz2f2x +
1
24
β2z4f4x − 1
720
β3z6f6x +Dβ
3z(hfx)x +
1
40320
β4z8f8x +O(β
5)(35)
Therefore, the Boussinesq equations can be consistently derived up to third order (remember term
1
β
φx in (5)). However, we will proceed to second order, only.
Substituting the velocity potential (35) into (3)-(4) and retaining terms up to second order supplies
the Boussinesq equations in the following form
ηt + wx + β
(
A(ηw)x − 1
6
w3x
)
+ β2
(
−A1
2
(ηw2x)x +
1
120
w5x −D (hw)x
)
= 0,(36)
wt + ηx + β
(
Awwx − 1
2
w2xt − τη3x
)
(37)
+ β2
(
−A(ηwxt)x + A1
2
wxw2x − A1
2
ww3x +
1
24
w4xt
)
= 0.
The Boussinesq equations (36)-(37) for the the Case 2 and Case 1 are identical when δ = D = 0.
Since, in (36) the term −D (hw)x appears only in second order, the first order solutions are those of
the KdV, with
(38) w = η + β
(
−A1
4
η2 +
1
6
(2− 3τ)η2x
)
,
and
ηt + ηx + β
(
A
3
2
ηηx +
1
6
(1− 3τ)η3x
)
= 0 or
ηt + ηx + α
3
2
ηηx + β
1
6
(1− 3τ)η3x = 0(39)
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in original variables.
Now, we aim to satisfy the Boussinesq system (36)-(37) with the terms of the second order included.
Then, we set (the first term with β2 is known from the flat bottom case)
w = η + β
(
−A1
4
η2 +
1
6
(2− 3τ)η2x
)
+ β2
(
A2
1
8
η3 + A
3 + 7τ
16
η2x + A
2 + τ
4
ηη2x +
12− 20τ − 15τ 2
120
η4x
)
+ β2DQ.(40)
Next, we insert the trial function (40) into (36) and (37) and retain terms up to second order in β.
Proceeding analogously as in the case of first order we find that compatibility of the Boussinesq
equations (36)-(37) requires the following condition for the correction function Q
Qx −Qt = (hη)x,
the same as the condition (21).
Note, that in order to replace t-derivatives by x-derivatives one has to use the properties of the first
order equation (39), that is, ηt = −ηx − β
(
A3
2
ηηx +
1−3τ
6
η3x
)
and its derivatives.
Using universal formulas for the correction functions, obtained for a piecewise linear bottom we
obtained in this case, α = O(β), δ = O(β2), the equation
ηt + ηx +
3
2
αηηx +
1− 3τ
6
βη3x − 3
8
α2η2ηx + αβ
(
23 + 15τ
24
η2x +
5− 3τ
12
ηη2x
)
+ β2
(
19− 30τ − 45τ 2
360
η5x
)
− 1
4
δ(2hηx + hxη) = 0(41)
which generalizes the extended KdV (KdV2) equation (30).
4. CASE 3: α = O(β2), δ = O(β)
In this case we set
(42) α = Aβ2, δ = Dβ.
Since δ is of the same order as β the formulas (10)-(12) expressing the velocity potential hold. Now
we substitute the velocity potential (12) into the kinematic and dynamic boundary conditions at the
unknown surface which in this case are
ηt + Aβ
2φxηx − 1
β
φz = 0, for z = 1 + Aβ
2η,(43)
φt +
1
2
Aβ2φ2x +
1
2
Aβφ2z + η − τβ
η2x
(1 + A2β5η2x)
3/2
= 0, for z = 1 + Aβ2η.(44)
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Next, we neglect all terms of orders higher than β2. The result consists in the following Boussinesq
equations (in the meantime the second equation was differentiated by x)
ηt + wx − β
(
D (hw)x +
1
6
w3x
)
+ β2
(
A(ηw)x +
1
2
D(hw)3x +
1
120
w5x
)
= 0,(45)
wt + ηx − β
(
τη3x +
1
2
w2xt
)
+ β2
(
Awwx +D(hwt)2x +
1
24
w4xt
)
= 0,(46)
where the usual notation w = fx is used.
For the flat bottom case (D = 0) the equations (45)-(46) can be made compatible up to any order.
Some of them are derived from different physical models. Below we cite this equations keeping terms
up to second order in β (see, [32, Eqs. (A.1)-(A.2)])
w = η + β
2− 3τ
6
η2x + β
2
(
−A1
4
η2 +
12− 20τ − 15τ 2
120
η4x
)
,(47)
ηt + ηx + β
1 − 3τ
6
η3x + β
2
(
A
3
2
ηηx +
19− 30τ − 45τ 2
360
η5x
)
= 0.(48)
This result is equivalent to well known the fifth-order KdV equation derived by Hunter and Sheurle
in [38] as a model equation for gravity-capillary shallow water waves of small amplitude. Neglecting
surface tension (reasonable for shallow water problem) and changing variables by
x˜ =
√
3α
2β
(x− t), t˜ = 1
4
√
3α3
2β
t,
one reduces the equation (48) to
ηt˜ + 6ηηx˜ + η3x˜ + P η5x˜ = 0, P =
19
40
,
which is the fifth-order KdV equation obtained in [38] with P defined in a different way. This equation
is known to have a rich structure of solitary wave solutions, see, e.g., [39]. As pointed out in [32]
the wave equation obtained in third order belongs to the type K(m,n) introduced by Rosenau and
Hyman [42] with m = 4 and n = 1 which in some range of wave velocities admits soliton-like
traveling wave solutions.
For the case D 6= 0 limitation of equations (45)-(46) to first order yields
(49) ηt + wx − β
(
D (hw)x − 1
6
w3x
)
= 0 and ηx + wt − β
(
τη3x +
1
2
w2xt
)
= 0.
Since in zeroth order η = w, ηt = −ηx, wt = −wx, one assumes that in the first order
(50) w = η + β
(
2− 3τ
6
η2x +DQ
)
,
where the first part of the correction term is alraedy known from (47) and Q is responsibe for first
order correction related to the bottom term in (49). Then, substitute (50) into equations (49) and retain
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terms only to the first order. This yields
(51)
ηt+ηx+β
(
DQx −D (hη)x + 1− 3τ
6
η3x
)
= 0 and ηt+ηx+β
(
DQt +
1− 3τ
6
η3x
)
= 0.
Compatibility of these equations requires
(52) Qx −Qt = (hη).
This is the same condition as (21) which cannot be satisfied for general form of h(x) but can be satis-
fied for the particular case h(x) = kx. In this particular case Q given by (26) makes the equations
(51) compatible. So, with
(53) w = η + β
(
2− 3τ
6
η2x +
1
4
D
(
2hη + hx
∫
η dx
))
we obtain the resulting first order KdV-type equation in the following form
(54) ηt + ηx + β
(
1− 3τ
6
η3x − 1
4
D(2hηx + hxη)
)
= 0.
Note, that the equation (54), in the case of the flat bottom (D = 0), is reduced to the linear dispersive
one. Therefore the equation (54) has no soliton solutions.
Can we derive a reasonable second order equation? Let us assume
w = η + β
(
2− 3τ
6
η2x +
1
4
D
(
2hη + hx
∫
η dx
))
(55)
+ β2
(
−A1
4
η2 +
12− 20τ − 15τ 2
120
η4x +DQ
)
.
In (55) we already used the form of the first order correction (53) and second order correction for flat
bottom case (47). Now, we seek for Q which is the second order correction originating only from
the bottom terms in the Boussinesq equations (45)-(46). Inserting (55) into (45)-(46) and replacing
t-derivatives by x derivatives according to (54) we obtain the following condition for the second order
correction Q
Qx −Qt = − k
(
1
4
(η + xηx) +
1 + τ
2
(η2x + xη3x)
)
+ k2D
(
11
16
xη +
3
8
x2ηx
)
(56)
+ k2D
(
5
32
∫
ηdx+
1
16
∫
xηxdx
)
This condition seems to have no solutions which could supply the second order wave equation of
similar form as the first order equation (54), that is, ηt = −[ηx + F (η, ηx, ..., x)].
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5. CASE 4: α = O(β2), δ = O(β2)
In this case we set
(57) α = Aβ2, δ = Dβ2.
Since δ = O(β2), the forms of the function F and the velocity potential are given by (34)-(35). The
Boussinesq set receives in this case the following form
ηt + wx − β 1
6
w3x + β
2
(
A(wη)x +
1
120
w5x −D(hw)x
)
= 0,(58)
wt + ηx − β
(
1
2
w2xt + τη3x
)
+ β2
(
Awwx +
1
24
w4xt
)
= 0.(59)
In first order w in the form
(60) w = η + β
2 − 3τ
6
η2x
makes the equations (58)-(59) compatible, with the result which is the linear equation
(61) ηt + ηx + β
1− 3τ
6
η3x = 0.
In second order we look for w in the form
(62) w = η + β
2− 3τ
6
η2x + β
2
(
−1
4
Aη2 +
12− 20τ − 15τ 2
120
η4x +DQ
)
.
In (62) we already used the part of second order correction term known to make compatible Boussi-
nesq’s set for the flat bottom (see, e.g., [32, Eqs. (A.8)-(A.9)]. Substitution of (62) into (58)-(59)
gives
ηt + ηx + β
1 − 3τ
6
η3x + β
2
(
DQx −D(hη)x + 3
2
Aηηx +
19− 30τ − 45τ 2
360
η5x
)
= 0 and(63)
ηt + ηx + β
1 − 3τ
6
η3x + β
2
(
DQt +
3
2
Aηηx +
19− 30τ − 45τ 2
360
η5x
)
= 0,(64)
respectively. (In (64) t-derivatives are already properly replaced by x-derivatives from first order
equation (61.) Compatibility of equations (63)-(64) requires the same condition as (21)
Qx −Qt = (hη)x.
Using the correction Q given by (26) we obtain the wave equation (in original parameters)
(65) ηt + ηx +
3
2
αηηx + β
1− 3τ
6
η3x + β
219− 30τ − 45τ 2
360
η5x − 1
4
δ(2hηx + hxη) = 0.
This equation is the generalization of the fifth-order KdV equation (48) for the case of uneven bottom.
However, the equation (65) is correct only for a piecewise linear bottom profile.
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6. CASE 5: β = O(α2), δ = O(α)
In this case the leading parameter is α. We set
(66) β = Bα2, δ = Dα.
Now, we have to express all perturbation equations with respect to parameter α. Then the velocity
potential (8) can be rewritten as
φ = f − 1
2
Bα2z2f2x +
1
24
B2α4z4f4x − 1
720
B3α6z6f6x + · · ·(67)
+Bα2zFx − 1
6
B2α4z3F3x +
1
120
B3α6z5F5x + · · · .
The boundary condition at the bottom (5) takes now the following form
(68) φz − BDα3 (hx φx) = 0 for z = Dαh(x).
Applying this equation to φ given by (67) implies
(69) Fx = αD(hfx)x + α
4BD2(h2F2x)x − α51
6
BD3(h3f3x)x +O(α
8).
This equation allows us to express Fx through h, f and their derivatives only when terms of the fourth
and higher orders are neglected
(70) Fx = αD(hfx)x +O(α
4).
This formula allows us to express φ through only one unknown function f and its derivatives. Note
that next terms in Fx would enter in φ in sixth order. Therefore we can express the velocity potential
containing terms from the bottom function only up to fifth order in α
φ = f − 1
2
Bα2z2f2x +
1
24
B2α4z4f4x +BDα
3z(hfx)x − 1
6
B2Dα5z3(hfx)3x +O(α
6).(71)
This form of the velocity potential implies the Boussinesq set as
ηt + wx + α [(ηw)x −D(hw)x]− 1
6
α2B w3x + α
3B
1
2
[D(hw)3x − (ηw2x)x] = 0,(72)
wt + ηx + αwwx − α2B [τη3x + 1
2
w2xt](73)
+ α3B [−(ηwxt)x + 1
2
wxw2x − 1
2
ww3x +D(hwt)2x] = 0,
where terms up to α3 are retained. Note that for the uneven bottom (δ,D 6= 0) consistent Boussinesq’s
set cannot be derived in orders higher than α3. Due to the term φz/β = φz/(Bα2) in the kinematic
boundary condition at the surface (3) and relations (69)-(70) we cannot extend equations (72)-(73)
with the potential (71) to higher orders. When the bottom is flat, there is no such limitation.
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Begin with first order Boussinesq’s set. Assuming w = η + α(−1
4
η2) + αDQ one obtains from
(72)-(73)
ηt + ηx + α
[
3
2
ηηx +DQx −D(hη)x
]
= 0,(74)
ηt + ηx + α
[
3
2
ηηx +DQt
]
= 0.(75)
Equations (72)-(73) become compatible in first order when the condition (21) holds, that is
Qx −Qt = (hη)x.
Using the correction Q given by (26) we obtain first order equation for the piecewise linear bottom
relief as
(76) ηt + ηx +
3
2
αηηx − 1
4
δ(2hηx + hxη) = 0.
This equation does not contain the dispersive term η3x.
An attempt to derive second order wave equation fails. We can assume
(77) w = η + α(−1
4
η2) + αD
1
4
(
2hηx + hx
∫
η dx
)
+ α2
2− 3τ
6
η2x + α
2DQ.
In w given by (77) three first terms ensure compatibility of the Boussinesq equations (72)-(73) in
first order, the fourth one makes terms with α2B = β compatible. Then the only unknown part of
correction gives a condition on Qx − Qt which does not give any hope for determining Q through
η, ηx, . . . , h, hx and then deriving second order wave equation.
7. CASE 6: β = O(α2), δ = O(α2)
The leading parameter is α. We set
(78) β = Bα2, δ = Dα2.
The velocity potential is expressed, as in the section 6, by (67), but the boundary condition at the
bottom (5) takes now the form
(79) φz −BDα4 (hx φx) = 0, for z = Dα2h(x).
So, from (67) and (79) one gets
Fx = α
2D(hfx)x +
1
2
α6BD2(h2F2x)x − 1
6
α8BD3(h3f3x)x +O(α
12) = 0.
Neglecting higher order terms we can use
(80) Fx = α
2D(hfx)x +O(α
6),
16 ANNA KARCZEWSKA AND PIOTR ROZMEJ
which ensures the expression of φ through only one unknown function f and its derivatives. Note that
next terms in Fx would enter in φ in α8 order. Then we can express the velocity potential as
φ = f − 1
2
Bα2z2f2x +
1
24
B2α4z4f4x − 1
720
B3α6z6f6x(81)
+BDα4z(hfx)x − 1
6
B2Dα6z3(hfx)3x +O(α
8).
With potential given by (81) we obtain from (3) and (4) the Boussinesq set
ηt + wx + α(ηw)x − α2
(
1
6
Bw3x +D(hw)x
)
− α31
2
B(ηw2x)x(82)
+ α4
(
1
2
BD(hw)3x − 1
2
B(η2w2x)x +
1
120
B2w5x
)
= 0,
wt + ηx + αwwx − α2B
(
τη3x +
1
2
w2xt
)
+ α3B
(
−(ηwxt)x + 1
2
wxw2x − 1
2
ww3x
)
(83)
+ α4B
(
D(hwt)2x + wx(ηwx)x − w(ηw2x)x − 1
2
(η2wxt)x +
1
24
Bw4xt
)
= 0,
respectively, where terms up to α4 are retained.
In first order w = η + α(−1
4
η2) makes (82)-(83) compatible giving
(84) ηt + ηx +
3
2
αηηx = 0.
In second order one assumes w in the form
(85) w = η − 1
4
αη2 + α2
(
1
8
η3 +
2− 3τ
6
η2x
)
+ α2DQ,
which substituted to (82)-(83) gives (after neglection of terms of higher orders)
(86) ηt + ηx +
3
2
αηηx + α
2
(
−3
8
η2ηx − 1− 3τ
6
Bη3x −D(hη)x +DQx
)
= 0
from (82) and
(87) ηt + ηx +
3
2
αηηx + α
2
(
−3
8
η2ηx − 1− 3τ
6
Bη3x +DQt
)
= 0
from (83). Compatibility of equations (86) and (87) requires the same condition as (21)
Qx −Qt = (hη)x.
For a piecewise linear bottom profile h = kx, due to the universal result (21) given in subsection
2.1 we obtain
(88) ηt + ηx +
3
2
αηηx + α
2
(
−3
8
η2ηx − 1− 3τ
6
Bη3x
)
− 1
4
δ(2hηx + hxη) = 0.
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Note that for the flat bottom (D = 0), w given by (85) makes the Boussinesq equations (82)-(83)
compatible and gives the well known Gardner equation
(89) ηt + ηx +
3
2
αηηx + α
2
(
−3
8
η2ηx − 1− 3τ
6
Bη3x
)
= 0.
Therefore, the equation (88) is the generalization of the Gardner equation for the case of the uneven
bottom, valid when the bottom is given by the piecewise linear function.
8. EXAMPLES OF NUMERICAL SOLUTIONS
In this section, we show some examples of motion of solitons, initialy moving over an even bottom
when they enter the region where the bottom is no longer even. These results are obtained by numer-
ical time evolution according to wave equations derived in previous sections. In order to be able to
compare the influence of the bottom on the soliton movement, in all cases presented in this section,
we assumed the same bottom shape in the form of a piecewise linear function. We discuss here only
three cases: Case 1, where KdV solitons exist, Case 2, where KdV2 solitons were discovered by us
in [31] and Case 4, where KdV5 solitons are known [40, 41], as well.
In the calculations we use our finite difference code described in detail in [31]. The cases 1 and 2
in which α = O(β) are appropriate for shallow water waves where surface tension can be safely
neglected. This is because when average water depth is of the order of some meters then τ < 10−7.
Therefore in the simulations presented in subsections 8.1 and 8.2 we set τ = 0 in the corresponding
wave equations.
8.1. Case 1. In this case α = O(β), δ = O(β), we performed calculations according to the first
order equation (27). The piecewise linear bottom function is taken in the form
(90) h(x) =


0 for x ≤ 0,
1
X
x for 0 < x ≤ X
1 for x > X ,
withX = 15 for all cases considered. The shape of the bottom is displayed in presented figures below
the snapshots of soliton’s motion, not in the same scale.
In Fig. 2, we dispalyed the results of numerical simulation obtained for the following parameters:
α = 0.2424, β = 0.3, δ = 0.15. As the initial condition we took the KdV soliton
η(x, t) = A sech2 [B(x− x0 − vt)] , where B =
√
3α
4β
A and v = 1 +
α
2
A,(91)
with x0 = −5, t = 0 and the amplitude A = 1 (to compare with the Case 2).
If we come back to dimension variables then the soliton’s amplitude in meters is obtained by
multiplying its nondimenional value by H . For instance, if H = 2m then the initial soliton’s height
(above the undisturbedwate level) isHα ≈ 0.485m. The horizontal coordinates have to be multiplied
by l = H√
β
≈ 3.65m. So, the range x ∈ [0, 15] in the displayed figures corresponds to the interval
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FIGURE 2. Time evolution of the KdV soliton entering the region with the piecewise
linear bottom function (90) obtained in numerical inegration of the equation (27) with
parameters α = 0.2424, β = 0.3, δ = 0.15.
(approximately) [0, 54] in meters. The time increment between the consecutive profiles in presented
Figs. 2 and 3 is dt = 1.25 (in dimensionless units) what corresponds to approximately 0.56 s. Note
that v0 ≈ 4.96m/s .
8.2. Case 2. In this case, α = O(β), δ = O(β2), the appropriate wave equation is the equation (41).
It is worth to remind that when δ = 0, the equation (41) reduces to the extended KdV (KdV2). Since
KdV2 possesses exact soliton solution [31], we use this solution as the initial condition in the example
presented in Fig. 3.
Contrary to the KdV equation which leaves one parameter freedom for the coefficients of the exact
solutions (therefore KdV permits for solitons of different amplitudes), the parameters α, β of the
KdV2 equation fix the coefficients of the unique soliton solution. So, for the evolution shown in Fig. 3
the initial condition has the the same form (91) but with coefficients: A ≈ 0.2424
α
, B ≈
√
0.6 α
β
A and
v ≈ 1.11455. The parameter α = 0.2424 assures the amplitude equal one.
For comparison of the KdV2 soliton motion according to the equation (41) to the KdV soliton
motion according to the equation (27) we used the same values of the parameters α, β, δ. Using
δ = 0.15 = Dβ2 withD ≈ 1.67, not much different from unity, does not contradict to the assumption
δ = O(β2).
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FIGURE 3. Time evolution of the KdV2 soliton entering the region with the piecewise
linear bottom function (90) obtained in numerical inegration of the equation (41) with
parameters α = 0.2424, β = 0.3, δ = 0.15.
8.3. Case 4. In this case, α = O(β2), δ = O(β2), the appropriate wave equation is the equation (65).
It is worth to remind that when δ = 0, the equation (65) reduces to (48), the fifth-order KdV or
KdV5 [38–41]. The fifth-order KdV has exact soliton solution [40, 41], so we use this solution as the
initial condition in the example presented in Fig. 4. The explicit form of this solution is
(92) η(x, t) = A Sech4[B(x− vt)],
whereA,B, v are functions of the coefficients of the 5th-order KdV equation (48). For illustration we
chose τ = 0.35 > 1
3
which assures B ∈ R. The numerical evolution of the soliton (92) according to
the equation (65) for δ = 0 (flat bottom) confirms that it moves with the constant shape and constant
velocity.
Snapshots of numerical evolution of the fifth order KdV soliton (92) according to the equation (65)
for δ = 0.15, α = 0.2424, β = 0.3 are displayed in Fig. 4. In dimensionless coordinates this setup is
the same as in previously discussed examples in subsections 8.1 and 8.2. Coming back to dimension
variables we realize that it is the system of completely different scale. First, taking T = 72mN/m
as water surface tension one obtains water depth h =
√
T
̺gτ
≈ 0.0046m. Next, with β = 0.3 the
dimensionless interval x ∈ [0, 15] corresponds to [0, 0.123m]. Indeed, the equation (65) describes
soliton motion in capilary-gravity case with the uneven bottom. In general, the properties of this
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FIGURE 4. Time evolution of the fifth order KdV soliton entering the region with the
piecewise linear bottom function (90) obtained in numerical inegration of the equation
(65) with parameters α = 0.2424, β = 0.3, δ = 0.15.
motion in dimensionless variables are similar to those observed in subsections 8.1 and 8.2 for the
cases 1 and 2.
8.4. Brief comparison. In all three cases displayed in Figs. 2, 3 and 4 the solitons move initially
over the flat bottom with undisturbed shapes and constant initial velocities. Next, moving over the
slope all solitons experience an amplitude increase and a corresponding decrease of velocity. The
deformation of the profile, that is a lowering of the water level behind the soliton when it reaches the
flat region is very small in Case 1 and 2. In Case 3 it is almost impercetible.
Qualitatively, the properties of soliton motion calculated in nondimensional variables are very sim-
ilar in all these three cases. Particularly similar are cases 1 and 2. The differences are seen in detail
in Fig. 5 in which the ratios of solitons maxima to their initial values max[η]/η0 versus their positions
(read from the calculated data) are plotted. Since in KdV5 case the amplitudes are negative we plot
their absolute values multiplied by 1/|A(t = 0)| to compare the changes with respect to initial values.
More detail studies of numerical evolution according to the derived equations are planned in a near
future.
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FIGURE 5. Solitons’ maxima versus their positions from Fig. 2 - red symbols, from
Fig. 3 - green symbols and from Fig. 4 - blue symbols. In the case of KdV5 displayed
are the rescaled absolute values.
9. CONCLUSIONS
In attempts to derive KdV-type equations for the case of the uneven bottom, we found two universal
features. First, the boundary condition at the uneven bottom implies the limit on the order of theory in
which the Boussinesq equations can be derived. It usually does not exceed the second order, whereas
for the flat bottom one can proceed to arbitrary order.
Second, regardless of the different ordering of small parameters α, β, δ, the condition of compat-
ibility of Boussinesq’s equations containing the bottom terms is always the same in the lowest order
and given by (21).
This condition cannot be satisfied for an arbitrary bottom profile h(x). However, the condition
(21) is satisfied when the bottom relief is given by an arbitrary piecewise linear function. For such
bottom profiles, we derived four KdV-type equations which generalize equations known for the flat
bottom case. The equation (28) generalizes the usual KdV equation. In (28) terms originating from
the bottom are of first order. The equation (41) generalizes the extended KdV (KdV2) equation. The
equation (65) generalizes the fifth-order KdV (KdV5) equation whereas (88) generalizes the Gard-
ner equation. In the last three cases, terms induced by the piecewise linear bottom are of second order.
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